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Abstract

This paper shows that accurate predictions of skin friction and Stanton number for a flat plate boundary layer can be achieve
k–ε model of turbulence with wall functions, provided the computational model (turbulence model, geometry, boundary conditions,
is properly defined and that the simulation is grid converged. Emphasis is put on good CFD practices such as verification and
Verification allows to obtain numerical predictions with controlled accuracy. Validation of the computational model is thus performed on s
grounds. Predictions of the local skin friction coefficient on the plate were obtained for Reynolds numbers of 2× 105 and 2× 106. In the
caseRe= 2× 105, the effects of inlet boundary turbulence Reynolds number, geometry of the plate and type of wall functions are a
It is found that an inlet turbulence Reynolds number equal to 10% of the Reynolds number yields realistic results. Significant impr
are achieved if the plate thickness is included in the computational model. Two-velocity scale wall functions prove to be superior to
popular one-velocity scale wall functions. For the caseRe= 2× 106, predictions of the local skin friction coefficient (Cf (x)) and the local
heat transfer coefficient (St(x)) are in good agreement with correlations.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

The subject of turbulent flow over slender bluff bodi
such as a flat plate, is a topic of interest to many engine
They usually tackle this problem with commercial softwa
that often implement thek–ε model with wall functions or
a variant. Modeling and computational decisions that t
make, as well as the careful meshing of the computati
domain, have a direct impact on the accuracy of
numerical predictions.

The objective of the present paper is to control
numerical precision of the solution so as to eliminate
mesh as a source of error. Once the accuracy is veri
validation and comparison of numerical models may
performed on a more solid basis. Under such circumstan
the discrepancies between predictions and measuremen
are due to modeling errors (turbulence model, geome
boundary conditions, etc.). Such issues are of concer
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a broad spectrum of fluid dynamics problems and h
been observed in many instances. In fact, accurate
reliable prediction of turbulent flows has been the sub
of much research by the CFD community over the p
few years. A review of the literature reveals that in ma
cases, for a given flow, predictions by different auth
show an unacceptable amount of scatter. At times this
even more disconcerting given that people using sim
models and numerical algorithms produce vastly differ
predictions. Table 1 presents the predicted length of
recirculation zone for turbulent flow over a backward fac
step. All authors use a variant of thek–ε model with
wall functions and a TEACH type solution algorithm [1
The only exceptions are the predictions of Donaldson, w
used a Reynolds Stress Model, and that of Ilinca et
obtained with an adaptive finite element method. The sca
between predictions is even worse for turbulent heat tran
predictions. Table 2 presents the maximum Nusselt num
downstream of a sudden pipe expansion. These results
taken from Launder [2]. Hutton et al. collected the origin
data [3]. The largest predicted value is five times bigger t
the lowest value. The lowest predicted value is in error
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Nomenclature

Cf (x) local skin friction coefficient
C1, C2, Cµ, σk, σε constants for thek–ε model
cp specific heat at constant pressure
d distance between solid wall and

computational boundary
E roughness parameter
E natural logarithm ofε
K natural logarithm ofk
L plate length
Nu Nusselt number
p pressure
Pr Prandtl number
q heat flux
Re Reynolds number
St(x) Stanton number
T temperature
TKE turbulence kinetic energy
U free-stream velocity
u velocity vector
u,v horizontal and vertical velocity

components
u∗ friction velocity

u∗∗ velocity scale from the two-velocity scale wall
function

uk velocity scale based on TKE
x, y Cartesian axes
k turbulence kinetic energy (TKE)
ε dissipation rate of TKE
κ Kármán Constant
λ thermal Conductivity
µ viscosity
ρ density
τ shear stress

Subscripts

o inlet boundary
t turbulent
trans transition laminar-turbulent
w wall value
x based on plate length
∞ free-stream value

Superscript

+ dimensionless (wall functions)
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Table 1
Flow over a backward facing step

Reference Turbulence
model

L/H

Kim et al. experiment 7± 0.5
Mansour and Morel k–ε 5.2
Pollard k–ε 5.88
Rodi et al. k–ε 5.8
Launder et al. ASM 6.9
Abdelmeguid et al. k–ε 6
Demirdzic et al. modifiedk–ε 6.2
Donaldson et al. RSM 6.1
Ilegbusi and Spalding modifiedk–ε 7.2
Nallasamy and Chen k–ε 5.8
Syed et al. k–ε 5.8
Ilinca et al. k–ε 6.2

50% while the highest prediction is in error by more th
100%. According to Launder the main source of error is
near wall model. However, mesh size and artificial diffus
due to upwind discretization of convective terms provide
uncontrolled and often non-negligible source of error.

While turbulence modeling issues are still a topic of
debate, numerical and discretization issues can now be
dressed in a rigorous and systematic manner so as to
mize their impact on the uncertainty of predictions. Adapt
methods are a powerful tool to control numerical errors.
now possible to obtain “numerically exact” solutions to t
differential equations so that computational modeling iss
can be studied and evaluated with confidence.
-
-

Table 2
Maximum Nusselt number down-
stream of a sudden pipe expansion

Author Numax

Numerical #1 1660
Numerical #2 375
Numerical #3 1205
Numerical #4 1330
Numerical #5 915
Numerical #6 2036
Numerical #7 574
Numerical #8 1440
Numerical #9 921
Numerical #10 943
Numerical #11 975
Experimental 932

Roache proposes a two-step approach in order to
tinguish mathematical modeling errors and numerical
rors [4]. The first step is calledverification. Simply stated, it
provides an answer to the question:Are we solving the equa
tions right?Questions of numerical accuracy are at the h
of the verification process. The second step is calledvali-
dation and provides answers to the question:Are we solv-
ing the right equations for this problem?The key question
in validation is one ofthe suitability of the computationa
model to accurately represent the physical process of in
est.

This paper proposes an adaptive finite element metho
an efficient tool for performing both verification and va
dation. This methodology has already proved its ability
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produce high quality and veryaccurate solutions to a wid
variety of problems. Initial efforts were focused on lam
nar isothermal flows [5,6], turbulent incompressible flo
[7–9], and compressible flows [10]. Applications to lam
nar heat transfer have also been presented [11,12], inclu
conjugate and compressibility effects [13,14]. Applicatio
to turbulent heat transfer may be found in [15–17]. Us
the adaptive methodology, the paper presents an examp
code verification by the method of manufactured soluti
Examples of successful and unsuccessful validation s
that agreement with experiments or correlations is achie
only with a good computational model of flow physics co
bined with accurate numerical solution of the differential
equations. The paper emphasizes good CFD practice to
tematically achieve verification so that validation studies
always performed on solid grounds.

Adaptive methods provide a powerful approach to h
dle flows with such a spectrum of behaviors within the fl
field. Automatic grid point clustering in regions of rap
variation of the solution ensures accurate resolution in a
parts of the flow. Mesh adaptation can yield “numerica
exact” (grid independent) solutions. The error estimator
lows for quality control of the solution. The adaptive str
egy provides a simple means of quantifying the converge
of an adaptive grid refinement study. Our previous work
adaptive finite element methods has described both veri
tion and validation computations for a variety of proble
of practical interest [7–9,15,16,18].

The paper is organized as follows. Definitions of Ve
fication and Validation are given in the first section, wh
is followed by a presentation of the equations modeling
problem. Then, we simulate isothermal flow on a flat pl
and assess the accuracy of results by looking at the skin
tion coefficient along the plate. White’s correlation [19]
used as a reference because of its accuracy and reliab
The effects of the inflow’s turbulence Reynolds number,
type of wall functions and the geometry of the plate are s
ied in turn for a Reynolds number of 2× 105 to show their
impact on the accuracy of predictions.

A heat transfer variant of the flow is then presented,
a Reynolds number of 2× 106. Predictions of the local skin
friction coefficient and Stanton number along the plate
presented and compared to White’s correlation [19] and
Kays–Crawford correlation [20].

2. Definitions

First and foremost we must make the essential dist
tion between Verification and Validation. In a common En
lish thesaurus, verification and validation are synonymo
However, in CFD these two words have acquired a gene
acceptedtechnical meaningwhich is provided in thespe-
cific technical contextof CFD. We follow accepted defini
tions [4,21–23] and adopt the succinct description ofVeri-
f

-

.

ficationassolving the equations right, and ofValidationas
solving the right equations.

For Verification, the code author defines precisely w
partial differential equations and boundary conditions
being solved and convincingly demonstrates that they
solved correctly (i.e., with some order of accuracy) a
always consistently so that, as the mesh size tends to
the code produces a solution to the continuum equati
Whether or not those equations and that solution bear
relation to a physical problem of interest to the code us
is the subject of Validation. Thus in a meaningful b
scrupulous sense, one cannot validate a “code”. The
one can do is validate a simulation or perhaps a rang
calculations for a well defined class of problems.

Another way to make the distinction between Verificat
and Validation is to speak of numerical errors versus conce
tual modeling errors. An example is the assumption of
compressibility. For instance, dynamic stall of helicopter
tor blades entails compressibility effects at surprisingly l
free-stream Mach number. Results from an incompress
flow code will likely not agree with experimental data. Ho
ever, one cannot claim that code failed verification beca
it was applied to a compressible flow. In this case, the lac
agreement with data is not a code problem. It is a mode
problem: the user chose the wrong model for his flow.

Another way of distinguishing Verification from Valida
tion is to follow the classical distinction between math
matics and engineering science. Verification is strictly
activity in the mathematics of numerical analysis. It a
swers the questionAre we doing good numerical analys
to solve the differential equations at hand?Validation is es-
sentially and strictly an activity in engineering science
answers the questionAre we doing good engineering mo
eling for the problem of interest?This distinction is further
enhanced by looking at the IEEE definition of code Verifica
tion [24]: “Formal proof of program correctness”. We agree
with Oberkampf’s evaluation of this terse definition [25
“Although brief, this definition brings unprecedented cla
ity to the meaning of the term, and it adds a new persp
tive to the issue. Specifically, this definition bluntly requi
correctness or veracity of prediction, without bringing
supportive topics as to what is being predicted or how
is done”. While more general, the IEEE definition is com
patible with the one used here, and is also compatible
the distinction between Verification and Validation. That
program correctnessfor a PDE code would naturally in
cludesolving the equations right, and of course a definitio
of what those continuum equations are, without getting into
the question of whether certain problems are appropriat
those equations and that code, i.e., Validation. In other w
Verification and Validation are separate steps.

Questions of numerical accuracy are at the heart of
Verification process. Thus, both the code and individ
simulations must be verified. Verification of a code involv
error estimation from a known solution, whereas verificat
of a specific calculation involves error estimation or band
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to ensure that problem specification does not prevent
code from delivering the expected accuracy. See Roach
for cases where a verified code may deliver non-veri
simulations.

The key question in Validation is centered onthe suit-
ability of the computational model to accurately repres
the physical process of interest. The computational mode
includes the PDEs solved, boundary conditions, the ge
etry, the turbulence model, physical properties, etc. Pre
tions are compared to experiments to determine the degr
accuracy to which the model represents reality. Again,
is a matter of physics and engineering, not of mathema
Any Validation exercise looses its significance and credi
ity if prior Verifications (of the code and the calculation
are not performed. The rule is: verify first, validate ne
Roache recommends systematic grid refinement studies fo
structured non-adaptive meshes combined with Richard
extrapolation as a means of performing verification stud
In this paper, adaptive remeshing is used as a cost-effe
alternative that automates the tedious process of manua
eration of finer meshes.

To many people, Validation simply consists in comp
ing predictions to experimental measurements. In practic
Validation is a more difficult exercise than one would e
pect. One must start withgoodCFD (verified) predictions
and compare them togoodexperimental data. The first di
ficulty to overcome is best described by the following s
ing in the aerodynamics community:“No one believes the
CFD prediction except the one who performed the calcu
tion, and every one believes the experimental data ex
the one who performed the experiment”. Second, good dat
is difficult to obtain due to experimental errors. For instan
wind tunnels suffer from flow angularity and blockage
fects which are further complicated because they vary wit
angle of attack. Furthermore, experimental data must b
terpreted with care because of the possible sources of e
calibration errors, data acquisition errors, data reduction
rors, test technique errors etc. [26].

In general, most experiments were never designed
CFD Validation. As a result some data critical to CF
is often missing: geometry, boundary conditions, initia
conditions etc. [4]. Aeschliman et al. [27] also report th
“as one progresses down the list to more difficult quantities
for CFD to predict, the experimental uncertainty genera
increases also”. This can result in false invalidation (faile
Validation) or false Validation. Wilcox [28] describes
case where the data were incomplete and lead to a
invalidation. Aeschliman et al. [27] describe a case for wh
both the CFD and experiments contained serious errors
agreed extremely well with each other!

The flat plate flow variants presented in this paper w
selected to illustrate a range of situations. All cases invo
verified computations. Examples show that a verified c
may lead to successful validation in one situation a
failed validation in another. This highlights the delicate a
difficult nature of verification and validation activities.
]

f

-

t

:

t

3. Modeling of the problem

3.1. Reynolds-averaged Navier–Stokes equations

The problem of interest in the present study is mode
by the time-averaged continuity, momentum and energ
equations:

∇ · u = 0

ρu · ∇u = −∇p + ∇ · [(µ + µt)
(∇u + ∇uT )]

ρcpu · ∇T = ∇ · [(λ + λt )∇T
]

whereρ is the density,u the velocity,p the pressure,µ the
viscosity,µt the eddy viscosity,cp the specific heat,T the
temperature,λ the conductivity andλt the eddy conductivity
This system of equations is closed with thek–ε turbulence
model [29].

3.2. The standardk–ε turbulence model

The eddy viscosity and conductivity are expressed
terms of two turbulence variables, the turbulence kin
energyk and its rate of dissipationε:

µt = ρCµ
k2

ε

λt = cpµt

Prt
The turbulent Prandtl numberPrt is equal to unity.

The turbulence quantities are governed with the follow
transport equations:

ρu · ∇k = ∇ ·
[(

µ + µt

σk

)
∇k

]
+ µtP (u) − ρε (1)

ρu · ∇ε = ∇ ·
[(

µ + µt

σε

)
∇ε

]

+ C1
ε

k
µtP (u) − C2ρ

ε2

k
(2)

The production of turbulenceP(u) is defined as:

P(u) = ∇u : (∇u + ∇uT )
The constantsC1, C2, Cµ, σk , andσε are set to the value
recommended by Launder and Spalding [29] and liste
Table 3.

3.3. Wall boundary conditions

The standardk–ε turbulence model is not valid for low
values of the turbulence Reynolds number (e.g., the n
wall region). The strategy adopted here uses wall funct

Table 3
Constants for thek–ε model

Cµ C1 C2 σk σε

0.09 1.44 1.92 1.0 1.3
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which describe the solution in the near wall region. T
section describes two such wall functions which are use
boundary conditions.

3.3.1. One-velocity scale wall function
A wall function expresses the velocity tangent to the so

wall u as a function of the distance from the walld in terms
of the dimensionless variablesu+ andy+:

u+ = y+ for y+ < y+
c

u+ = 1

κ
ln

(
Ey+)

for y+ � y+
c

where κ is the Karman constant andE is a roughness
parameter,κ = 0.42 and for smooth walls,E = 9.0. The
critical value y+

c separating the linear and logarithm
velocity profiles is approximately 10.8 [20]. For the on
velocity scale wall law,u+ andy+ are defined as follows:

u+ = u

u∗

y+ = dρu∗
µ

The velocity scaleu∗, called the friction velocity, is obtaine
from the value of the wall shear stressτw:

u∗ ≡
√

τw

ρ

The combination of the logarithmic wall function and t
definition of u∗ results in a non-linear mixed (Robin
boundary condition for u:

u =
√

τw

ρ

1

κ
ln

(
Edρ

√
τw/ρ

µ

)

that involves both the tangent velocityu and its derivative
since

τw = (µ + µt)
∂u

∂y

Of course, the specific value ofd where the boundar
condition is applied is chosen so thaty+ lies within a
safe range of validity of the logarithmic wall functio
A posteriori computations ofy+ are always performed t
make sure that 30< y+ < 300.

Fig. 1 shows the different discretizations of the com
tational domain close to the wall, for finite elements and
nite volumes. In finite elements, the mesh does not reach t
wall. In finite volumes, a wall function cell is used instea
Its heightd must also satisfy 30< y+ < 300. However, be
cause the mesh reaches the wall, bothu andv are set to zero
at the wall. Wall functions determine the values of the
locity at the first nodes off the wall. While simplifying th
CFD, meshing to the wall imposes non-trivial constraints
mesh generation to ensure that 30< y+ < 300.

Once the velocity distribution is known throughout t
domain, the distribution of the turbulence kinetic ene
and its dissipation rate are computed by solving eq
tions (1) and (2) with the following Dirichlet boundary co
ditions [29]:

k = τw

ρ
√

Cµ

ε = u3∗
κd

3.3.2. Two-velocity scale wall function
The one-velocity scale wall function predicts zero h

flux near a reattachement pointbecause the friction velocit
u∗ is not the appropriate scale as it vanishes at a stagn
point [30–32]. This contradicts observations. Near a stag
tion point, turbulence fluctuations are responsible for h
transfer. The following definition provides a velocity sca
based on the turbulence kinetic energy [33]:

uk ≡ C1/4
µ k1/2

The second velocity scaleu∗∗ is defined as follows:

u∗∗ ≡ τw

ρuk

The definitions ofu+ andy+ are then:

u+ = u

u∗∗

y+ = dρuk

µ

Using the logarithmic wall function and the definitions
uk andu∗∗, one obtains a mixed boundary condition foru

which is linear:

u = τw

ρuk

1

κ
ln

(
E

dρuk

µ

)
(3)

Thek-equation is solved with a zero gradient (∂k/∂n= 0)
wall boundary condition. This condition arises from t
(a) (b)

Fig. 1. Discretization close to the wall: (a) Finite elements; (b) Finite volumes.
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fact that the wall shear stress is considered constant in
region 0< y+ < ±300 [34] (τw = ρ

√
Cµk). Therefore,

∂τw/∂n = ∂k/∂n = 0. This Neumann condition is require
to compute the distribution ofuk along the boundary an
to determine the velocity boundary condition. Finally, t
boundary condition for ε is given by:

ε = u3
k

κd

The use of the velocity scaleuk enables physically realisti
predictions of the heat flux near stagnation points where
shear stress is zero but the heat flux is not.

3.3.3. Thermal wall function
Boundary conditions at a wall for the energy equat

are enforced through a temperature wall function simila
that used for the momentum equations. For constant
temperature, the effective heat flux in the wall function
computed as

qw = ρcpC
1/4
µ k

1/2
w (Tw − T )

T +
whereT andk are the temperature and the TKE of poin
located on the boundary of the computational domain;Tw

is the wall temperature andT + satisfies the following
relations [31]:

T + =




Pr y+ for y+ < y+
1

a2 − Prt
2a1(y

+)2 for y+
1 � y+ < y+

2

Prt
κ

ln(y+) + β for y+
2 � y+

with the following definitions:

y1
+ = 10

Pr1/3 , y2
+ =

(
κ

a1

)1/2

a1 = 10−3Prt , a2 = 15Pr2/3

β = a2 − Prt
2κ

[
1+ ln

(
κ

a1

)]

The Prandtl and turbulent Prandtl numbers are set res
tively to 0.7 and 1.

3.4. Turbulence equations in logarithmic form

While mathematically correct, the turbulence equati
(1) and (2) may cause numerical difficulties. For exam
the eddy viscosity may become negative ifε becomes
negative, causing the solver to breakdown. Also, sev
source terms contain division by a turbulence varia
Negative or small values of the denominator can ca
improper sign or overly large values of the source ter
Enhanced robustness of the algorithm is achieved if one
ensure that turbulence variables remain positive throug
the domain and the course of iterations.

One way to preserve positivity of the dependent variab
consists in solving for their logarithms [35]. This ca
-

be viewed as using the following change of depend
variables:

K = ln(k), E = ln(ε)

Solving forK andE guarantees thatk andε will remain
positive throughout the computations. Hence, the eddy
cosity µt will always remain positive. This approach is r
ferred to as solving forlogarithmic variables. Furthermore,
turbulence quantities often present very steep fronts w
are difficult to resolve accurately. Logarithmic variablesK
andE present smoother variations than those ofk andε be-
cause the logarithm varies more slowly than its argum
Thus, more accurate solutions are obtained when loga
mic variables are used.

The transport equations for the logarithmic variables a

ρu · ∇K = ∇ ·
[(

µ + µt

σk

)
∇K

]
+

(
µ + µt

σk

)
(∇K)2

+ µte
−KP(u) − ρeE−K

ρu · ∇E = ∇ ·
[(

µ + µt

σε

)
∇E

]
+

(
µ + µt

σε

)
(∇E)2

+ C1µte
−KP(u) − C2ρeE−K

Note that the equations for logarithmic variables
equivalent to the original equations of the turbulence mo
Hence, the turbulence model is unchanged. Only the com
tational variables are different.

3.5. Finite element formulation and adaptive remeshing

The Navier–Stokes and energy equations, along with
logarithmic form of the turbulence equations are solved
a finite element method. The equations are multiplied by
a test function and integrated over the domain. Integra
by parts of diffusion terms and pressure gradients lead
the Galerkin variational formulation. Because the equatio
are dominated by convection, the standard Galerkin
cretization of such equations may lead to non-physical
cillations and convergence difficulties. These situations
mitigated by using one of the following stabilized formu
tions: SU [36], SUPG [37], or GLS [38]. The equations a
discretized using the seven-node triangular element [
which uses an enriched quadratic velocity field, a linear
continuous pressure and a quadratic interpolant for the
perature and the logarithms of turbulence variables.

The equations are solved in the following partly seg
gated manner:

(1) For a given field ofµt , solve momentum, continuity an
energy equations;

(2) Solve TKE equation;
(3) Solve the dissidation equation;
(4) Repeat from step 1.

Faster convergence is achieved by repeating steps 2 a
within a global iteration. Wall functions are solved implicit
at all steps.
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Mesh independent solutions of the equations are obta
with an adaptive finite element algorithm [40]. Error es
mates are obtained by a local least squares reconstructi
the solution derivatives for the velocity field, the temperat
and the logarithms of turbulence variables. An error estim
for the eddy viscosity is also constructed since slowly va
ing fields ofK andE may result in rapid variation ofµt [35].
The adaptive methodology is set to reduce the error by a
tor of two at each cycle of adaptation.

4. Verification

This section presents one example of verification of
adaptive finite-element method. We use the Method of M
ufactured Solution proposed by Roache [4]. The availab
of an analytical solution provides a rigorous framework
assessment of solution accuracy. The following express
are used as a solution:

U = U1 + U2

2
− U1 − U2

2
erf(η)

V = U1 − U2

2

1

σ
√

π
B

T = T1 + T2

2
− T1 − T2

2
erf(η)

p = 0

k = k0(ck + B)

ε = ε0

x
(ck + B)

µt = µt0x(ck + B)

where

η = σy

x
, B = e−η2

U1 = 1, U2 = 0.3

T1 = 0.3, T2 = 1

σ = 13.5, ρ = 1.0

Cµ = 0.09, µ = 10−4

k0 = 343

75000
U1(U1 − U2)

σ√
π

ε0 = 343

22500
CµU1(U1 − U2)

2σ 2

π

ck = 10−4

k0
, µt0 = 343

250000
ρU1

Appropriate source terms are obtained by substituting
above expressions foru,v,p, k, ε, andµt into the Navier–
Stokes, energy and turbulence equations. While
expression can be used, the above choice mimics a
mal free shear layer. Equations are solved over the
main(100,−75)× (300,75). Dirichlet boundary condition
are applied everywhere, except on a portion of the bottom
boundary, where a zero normal traction is specified. This
sures that mass is conserved and improves convergence
f

-

r

our previous attempt with an all-Dirichlet approach [3
Following Turgeon et al. [41], computations are perform
using a GLS stabilized finite element scheme for all equa
tions (momentum, continuity, energy, turbulence). The ad
tive remeshing strategy is set to reduce the global error
factor of 2 at each adaptive cycle. All dependent variab
contribute to mesh refinement.

Fig. 2 shows the grid convergence of the flow soluti
The error decreases at each cycle of mesh adaptation
cating that grid convergence is occurring. Notice also
agreement between the error estimates and the true erro
improves with mesh adaptation. The estimators exhibit
ymptotic exactness with grid refinement, as confirmed
Table 4, which shows efficiency indices of the error e
mators close to 1 (ratio of the estimator to the true err
Asymptotic exactness guarantees sharpness (reliability
the estimator with mesh refinement.

Error trajectories confirm that the finite element scheme
exhibits second order accuracy for the derivatives of

(a)

(b)

Fig. 2. Grid convergence for the flow: (a)u, T , K; (b) E , µt .

Table 4
Shear layer: efficiencies on final mesh

u T K E
0.9988 1.018 0.9792 0.9769
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dependent variables. This verifies the performance, in
sense of Roache [4], and accuracy of the solver and e
estimators.

5. Isothermal flat plate

The verified code is now applied to turbulent flow on
infinitely thin plate. The domain and boundary conditio
are defined as shown in Fig. 3. Computations are perfor
in dimensionless form using the plate length and in
velocity as reference quantities. The Reynolds numbe
set to 200 000 (selected as viable while at the same
minimizing meshing requirements).

5.1. Effect of the inflow turbulence Reynolds number

The realism of the flow solution may depend on a num
of user specified input parameters. Among those are the
tance to the wall in the wall functions and the inflow valu
of the turbulence kinetic energy and its dissipation rate. T
section shows that proper selection of inflow values of
bulence variables is critical to achieving physically realis
predictions. In this section, a two-velocity scale wall fun
tion is used along the plate. Similar trends were obse
with a one-velocity scale wall function.

The inlet turbulence Reynolds number characterises
flow and is defined as:

Ret = εo

ρCµk2
o

whereko andεo are the inlet boundary conditions.
Following previous success in the prediction of inter

flows [16], the turbulence Reynolds number at the infl
was set to 1000 with the values ofko andεo given in Table 5.
This low value of the inletRet results in a rather larg
eddy viscosity which dissipates the TKE. Contours of T
for Ret = 1000 are shown in Fig. 4(a). The decay of g

Fig. 3. Domain and boundary conditions.

(a)

(b)

Fig. 4. Contours of TKE: (a)Ret = 1000; (b)Ret = 20000.
-

turbulence outside of the boundary layer is clearly seen.
high values of inflow boundary conditions ofk andε also
have a significant non-physical side effect: the value ofµt is
lower in the boundary layer than in the free stream flow
illustrated in Fig. 5(a). Fig. 5(a) shows that grid independ
results are easily achieved on the first adapted mesh. Th
simulation is thus verified in the sense of Roache. Howe
it is not validated as it presents an unphysical behavior ofµt .

A higher turbulence Reynolds number must be speci
in order to make the computational model physically m
realistic.Ret is now set to 20 000 (10% ofRe) with the values
of ko andεo given in Table 5. The freestream turbulence
now very low compared to the levels of TKE in the bound
layer, so that the decay of grid turbulence does not show
Fig. 4(a).

Fig. 5(b) is a very good example of the importance
achieving grid independent solutions. The behavior of
eddy viscosity (µt ) changes dramatically between the init
and the final mesh, where it is more along expected tre
Note that four cycles of adaptive remeshing are neede
to achieve a grid independent verified solution. The fi
meshes for the casesRet = 1000 andRet = 20 000 are

(a)

(b)

Fig. 5. Variation ofµt in the boundary layer atx/L = 0.5: (a)Ret = 1000;
(b) Ret = 20000.

Table 5
Inlet values ofk andε

Ret ko εo

1000 10−2 9× 10−3

20 000 10−6 1.8× 10−9
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Fig. 6. Final meshes of the adaptive remeshing procedure: (a)Ret = 1000;
(b) Ret = 20000.

shown in Fig. 6. IncreasingRet yields a thinner boundar
layer. Fig. 6 shows that the meshes are adapted accordi

We now make a more quantitative assessment of pre
tions by looking at skin friction predictions.

5.2. Effect of the type of wall functions

One and two velocity wall functions are used in tu
to predict skin friction over an infinitely thin plate (ze
thickness). The local skin friction coefficient, defined as:

Cf (x) = τw

1
2ρU2

whereτw = µ

(
∂u

∂y

)∣∣∣
y=0

is used to assess the predictions.
Following results from the previous sections, the tur

lence Reynolds number is set to 20 000. The predicted va
of Cf (x) are compared to White’s correlation:

Cf (x) = 0.455

ln2(0.06Rex)

which agrees with measurements to±2% over the entire
turbulent range [19]. This comparison amounts to valida
of FEM predictions.

5.2.1. One velocity scale
The distribution ofCf (x) along the plate is compute

from the one-velocity scale wall function boundary con
tion for k:

Cf (x) = k
√

Cµ

1
2U2

(4)

Fig. 7(a) shows distributions ofCf (x) obtained for
each of the adaptive cycles. Numerical instabilities h
necessitated the use of different stabilization formulati
(SU, SUPG, GLS) for the turbulence equations. Conver
solutions could not be achieved with the same formula
for all adaptive cycles. This may explain why we do not s
a clear evolution of the distribution ofCf (x) towards a grid
independent solution, even though the differences betw
cycles are small. However, predictions are so smooth
we believe they are useful in assessing the results.
‘Cycle 4’ solution is plotted in Fig. 8. As can be seen, t
agreement with the correlation is not good. This simulat
fails validation in the sense of Roache.
.

(a)

(b)

Fig. 7. Evolution of the distributions ofCf (x) with adaptive cycles: (a) On
velocity scale, (b) Two velocity scales.

Fig. 8. Distributions ofCf (x) on an infinitely thin plate.

5.2.2. Two velocity scales
With two velocity scales, the local skin friction coefficie

is computed in the following manner:

Cf (x) = uku

1
2U2u+ sinceτw = ρuku∗∗

�⇒ Cf (x) = C
1/4
µ k1/2u

1
2U2 1

κ
ln

(
E

dρC
1/4
µ k1/2

µ

) (5)

The evolution of the distribution ofCf (x) with adaptive
cycles is illustrated in Fig. 7(b) where grid convergence
clearly achieved. Thus this prediction is verified in the se
of Roache. The distribution obtained on the final mesh
plotted in Fig. 8. Results are poor when compared to Wh
correlation, especially near the leading edge of the p
where the two-velocity scale wall functions fail to reprodu
an observed peak ofCf (x) and TKE. In fact, the behavio
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Fig. 9. Horizontal velocity aty = 0.

is opposite to that of measurements. The predicted lev
k is very low at the inflow boundary of the domain a
remains low because the computational velocity gradients
near the leading edge of the plate remain small. Hence
value ofuk is very low at the leading edge of the plate
that equation (5) predicts low values ofτw andCf (x). This
simulation fails validation in the sense of Roache.

Realistic distributions ofCf (x) can only be achieved i
the expected higher levels of TKE can be generated by
computational model. It is the velocity gradients in the p
duction term of thek-equation that are responsible for gen
ating this turbulence and they are most important where
flow meets the plate. This explains the measured large
in the value ofCf (x) at x/L = 0. Such a peak is not ob
served in the present computations because there is no
nation point in the computational model of the leading e
of the plate as illustrated in Fig. 9. The two curves of int
est are labeled as “Inf. thin” (infinitely thin plate). Therefo
the geometry of the computational model is not appropr
to reproduce the true physics of the flow. Fig. 10(a) ill
trates what happens when wall functions are applied
zero thickness plate. The computational domain is slig
offset from the plate. The fluid flows from a zero tracti
boundary condition along the symmetry line to a non-z
traction specified by the wall function. In the absence o
stagnation point the flow slows down gradually and does
generate high levels of TKE required to cause the obse
peak ofCf near the leading edge. Fig. 10(b) shows an o
computational domain that contains a stagnation point
will cause sudden deceleration of the fluid. This causes l
velocity gradients which in turn lead to high production
TKE. The leading edge peak ofCf then naturally occurs.

In the next section, the geometry of the model is mo
fied so that the physically observed stagnation point is
produced in the simulation.

5.3. Effect of the plate geometry

When the thickness of the plate is included in
geometry of the model, the physically observed stagna
point at the leading edge of the plate is reproduced in
simulation (Fig. 9). In this figure the labels “Square” a
“Round” correspond to two geometries of the leading e
-

(a)

(b)

Fig. 10. Profile ofu near the leading edge of the plate: (a) Zero thickn
plate; (b) Finite thickness plate.

shown in Fig. 11. With these geometries, the production ok,
which depends on the velocity gradients, is triggered in
leading edge region. As will be shown, the behavior of
shear stress is improved. The half-thickness of the pla
set to 1% of its length.

5.3.1. Square edge—1 velocity scale
In this attempt, the plate presents a square leading e

as shown in Fig. 11(a). A one-velocity scale wall functi
is used on the horizontal and vertical portions of the pl
Unfortunately, a solution could not be achieved due
convergence difficulties. A distribution ofCf (x) for this
particular case is therefore not presented. It is believed
the high non-linearity of the wall functions, combined w
the singularity located at the plate leading edge cor
where the wall functions meet, are responsible for
difficulties encountered.

5.3.2. Square edge—2 velocity scales
Wall functions with two velocity scales are used on b

portions of the plate surface. This time, it was possible
obtain a mesh independent solution. As expected, a
of turbulence kinetic energy is generated at the lead
edge of the plate, as shown in Fig. 12. Plots ofCf (x) for
each cycle of mesh adaptation are presented in Fig. 1
along with White’s correlation. This figure indicates th
several cycles of adaptation are required to achieve a
converged distribution of skin friction. The square ed
produces the highest level of turbulence. However, this d
not automatically translate into higher values of skin frictio
After the flow reaches the leading edge of the plate, i
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Fig. 11. Enlargement of the plate leading edge: (a) Square edge; (b) Rou
edge.

Fig. 12. Variation of TKE along the plate.

deflected upwards, away from the horizontal surface. A
consequence, the horizontal component of the velocity
the plate surface will be low near the leading edge. Fig
shows plots of the slip velocity along the plate. The s
velocity is the tangential component of the velocity at
computational boundary. Low values of the slip veloc
yield low wall shear so that the effect of the turbulen
peak is diminished. As a result, the distribution ofCf (x)

obtained on the final mesh does not compare well w
White’s correlation (Fig. 13(a)). Hence this simulation fa
validation.

By rounding off the plate leading edge, we will see tha

(1) the problem is easier to solve due to the elimination
the singularity, and

(2) the component of the velocity tangent to the plate
increased, resulting in higher values ofCf (x).

5.3.3. Round edge—1 velocity scale
An enlarged view of the round edge (circular arc)

shown in Fig. 11(b). The local skin friction coefficient
calculated on the horizontal surface, between the po
(0,0.01) and (1,0.01). The discrepancy with White’s co
relation is large, as seen in Fig. 13(b), because the pea
 f

(a)

(b)

(c)

Fig. 13. Distributions ofCf (x) along a plate with a finite thickness fo

Re= 2×105: (a) Square leading edge, 2 velocity scales; (b) Round lea
edge, 1 velocity scale; (c) Round leading edge, 2 velocity scales.

turbulence kinetic energy is too low (Fig. 12 and Eq. (4
The one-velocity scale wall function thus appears to be
appropriate for this problem. The model using one-velo
scale wall function fails validation.

5.3.4. Round edge—2 velocity scales
Turbulent fluctuations are at the origin of the veloc

scaleuk. The latter, along with the velocity scaleu∗∗, deter-
mines the boundary condition for the streamwise momentu
equation. As seen in Fig. 13(c), the use of two velocity sc
yields better results. At last, the peak at the leading edg
reproduced and the values ofCf (x) come within 13% of the
values predicted with White’s correlation. Elsewhere on
plate, the maximum discrepancy with White’s correlation
approximately 25%. This levelof discrepancy is unaccep
able in practice and may be due to the fact that the Reyn
number of 200 000 is too low for comparing with the co
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Fig. 14. Slip velocity along the plate.

relations. Indeed, authors such as Schultz-Grunow [42]
Smith and Walker [43] have reported experimental value
Cf (x) over a flat plate in a turbulent incompressible flo
for a range of higher Reynolds numbers. For instance, S
and Walker, who have conducted their experiments on a p
with an elliptic leading edge, present results for the ra
1.5×106 < Rex < 5×108. Thus, the present Reynolds num
ber of 2× 105 is at the low end of the turbulent range, whi
may partly explain the previously observed discrepanc
Again, the simulation fails validation.

In the next section we increase the Reynolds numbe
2 × 106 and achieve better agreement between nume
predictions and correlations.

6. Heated flat plate

Turbulent heat transfer on a heated flat plate with a ro
leading edge is now solved using thek–ε model and a
two-velocity scale wall function. The flow conditions are
follows: Re= 2× 106, Ret = 2× 105, T∞ = 0, Tw = 1.

6.1. Prediction ofCf (x)

The evolution of the distributions ofCf (x) with adaptive
cycles is shown in Fig. 15(a). Once again, the importanc
adaptive remeshing is clearly illustrated. Grid converge
is achieved confirming verification of the simulation in t
sense of Roache. The grid independent distribution (Cyc
is plotted in Fig. 15(b) along with White’s correlation an
another obtained from Schultz-Grunow’s experimental
sults [42]. The maximum discrepancy between the num
ical results and White’s correlation is 13%. At the lead
edge, for example, the discrepancy is 11%. The agreeme
even better when comparing with Schultz-Grunow’s resu
A difference of approximately 17% is observed at the le
ing edge, but on 98% of the plate length(0.02< x/L < 1),
the discrepancy never exceeds 10%. This is a noticeable im
provement compared to the caseRe= 2× 105 of Fig. 13(c).
If such levels of agreement are acceptable then the com
tional model is validated in the sense of Roache. Otherw
it fails validation.
-

(a)

(b)

Fig. 15. Distributions ofCf (x) for Re= 2 × 106: (a) Evolution ofCf (x)

with adaptive cycles; (b) Comparison ofCf (x) with correlations.

6.2. Prediction of St(x)

The local heat transfer coefficient is reported in dimen
sionless form using the Stanton number:

St(x) = Nux

RexPr
= qwx

λ(Tw − T∞)RexPr

Predictions of theSt(x) distribution are computed with th
effective value of the heat flux(qw) used in the temperatur
wall function:

St(x) = ρcpC
1/4
µ k1/2

T +
(Tw − T )

(Tw − T∞)

Fig. 16(a) shows the evolution towards a grid independ
thus verified, prediction (Cycle 6). The latter is plotted
Fig. 16(b) and compared to the Kays–Crawford corre
tion [20]:

St(x) = 0.0287

Pr0.4Re0.2
x

with Pr = 0.7

which is valid within the ranges 0.5 < Pr < 1.0 and
5 × 105 < Rex < 5 × 106. The comparison between th
correlation and the grid independent prediction ofSt(x)

is excellent within the range of validity of the correlatio
(0.25< x/L < 1) where the discrepancy never exceeds 7
This confirms thatRe= 2× 106 is in the range of validity of
both the computational model and the correlations.
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Fig. 16. Distributions ofSt(x) for Re= 2×106: (a) Evolution ofSt(x) with
adaptive cycles; (b) Comparison ofSt(x) with correlation.

Fig. 17 shows three meshes resulting from the adap
remeshing procedure: the initial coarse mesh (818 nodes
intermediate mesh (6542 nodes) and the final mesh (37
nodes). As can be seen, refinement is required near
upstream of the leading edge, near the wall and also nea
edge of the boundary layer in order to capture all feature
this flow.

6.3. Evolution ofy+ with the mesh

An other important feature of the adaptive remesh
algorithm is that it allows achieving grid independen
of boundary conditions for wall functions. Fig. 18 shows
that the value ofy+ depends not only on the distan
between the wall and the computational boundary,
also on the mesh. Both the velocity and temperature
functions depend ony+ and hence onu∗ or uk , which
in turn depend on the flow solution. Thus, achieving g
independent solutions is critical to ensure accurate
function boundary conditions.

7. Conclusion

This paper has shown that surprisingly good results m
be achieved with thek–ε model and wall functions. Succe
hinges on ensuring that the computational model is spec
so as to ensure that key features of the flow are reprod
and that grid refinement studies are performed to verif
grid independence of the prediction. The adaptive proce
always leads to verified simulations. However, validation
(a)

(b)

(c)

Fig. 17. Meshes obtained with the adaptive remeshing procedure: (a) I
mesh (Cycle 0: 818 nodes); (b) Intermediate mesh (Cycle 3: 6 542 no
(c) Final mesh (Cycle 6: 37 375 nodes).

Fig. 18. Evolution ofy+ with the mesh.

only be achieved for computational models incorporating
the flow physics. Specification of the computational mo
includes geometry, boundary conditions, the type of wal
functions, and inflow values ofk andε. The latter should be
such that the inflow eddy viscosity is small enough to refl
the true nature of the flow. Two-velocity scale wall functio
usually produce better results because one of its velo
scales is directly determined by the level of TKE. This h
a direct impact on the accuracy of the skin friction a
Stanton number predictions. For the flow over a flat pl
TKE production is triggered by strong velocity gradients t
can only be generated by including the thickness of the p
in the computational model. Results show that predicti
of Cf (x) and St(x) are critically dependent on the use
sufficiently fine meshes.

The adaptive methodology is a powerful tool to perfo
the systematic grid refinement studies required for rigor
verification of codes and simulations. Verification and va
dation become fairly simple and straightforward proces
Asymptotic exactness of the estimator provides for quan
tive estimates of the error that are reliable enough ot as
the accuracy of solutions. It becomes possible to ensure
numerical errors are small enough that verification can
performed with confidence. Examples presented show
verification is no substitute for validation; adaptivity simp
makes the whole process simpler.
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